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Abstract

This paper discusses the concept of a new triangle in normed space. This triangle is
the development of triangle in Euclidean space and inner product space. Discussion
about triangle in a normed space is defined using the Wilson angle. Next will be
attested to some fundamental trait of a triangle in the normed space.
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Introduction

Bottema O, 2008, has discussed the angle between two lines in Euclid space R? by
using dot product [2]. Anton H, 2010, with the idea of inequality Cauchy - Schwarz
has provided a sense of the angle between two vectors in the inner product space [1].
Furthermore, Gunawan H, Lindiarni J, and Neswan O, 2008, in his writing has also,
discussed some angles between the two vectors in the normed space, i.e angle P, angle [,
angle g [3, 4, 5, 6]. As well as Milicic PM, 2011, has covered the angle T hy [4] Valentine
and Waymant has covered the Wilson angle [8]. Milicic PM, 2007, also already discuss
about the angle B and angle g. This paper will define a new triangle in a normed space
with using an angle Wilson. The Wilson angle is introduced by Valentine and Wayment
[8]. The study of the Wilson angle is discussed as follows.
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Let (V, |l - ||) be is a normed space, defined non-linear function,
2a,b) == llal® + |bI* — lla —bI>, ¥V abeV. (1)

From the norms it is known that:

lllall = 161> < lla—b]?
& llall* = 2lall - 16 + 1601 < lla — b|1?
& (a,b) < llall - |15 )
On the other side is obtained:
lla —b1> < (lall + 16])?
< lla=bl% = llal? = 161 < 2llal - 161
& —(a,b) < |al - bl 3)

From the equation (2) and (3)are obtained :
Ha,b)| < llall - ll&l, Va,beV. 4)

which fulfills the inequality Caucy-Schwarz [1]. From the equation (4) defined angle
Wilson as an angle between two vectors a and b has properties:

lall® + 151% — lla — bI
/(a,b) := arccos ( 2lal o ) (5)
Let ¢ = a — b be, then of the equation (5) obtained by cosine rules [9]:
lleli® = llall®> + 1617 = 2llall - 16l cos £(a, b). (6)
From the equation (6) can be obtained the following sine rules:
lall - 6]l sin Z(a, b) = K (M

with K = 2/(s — llal)(s — I161)(s — llell), and 25 = [lall + bl + l|c]

2. Result

Definition 2.1. Let(V, | -||) be, is a normed space, fora, b,c € V\{0}, defined a triangle
that is symbolized Ala, b, ¢] is {a, b, ¢} have the properties @ + ¢ = b completed with
Wilson angles Z(a, b), Z(b,c) and Z( — a,c).

Theorem 2.2, Let (V.|| - ||) be, is a normed space, In the triangle Ala, b, c] that, cosine
rules < sine rules.
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Proof. ( = )Letcos Z(a,b) = (

sin? Z(a, b)

lalllib|l sin Z(a, b)

lall> + (161> — lla — b]|?
2l - 15|

) be, then :

1 — cos? Z(a, b)
. (uan2 + 1Ib1I% = ||c||3)2
2llalllb|
QCllallibD? = (lall? + 1612 = licl?)?
4llal?||b]
Qllalllbl) = lall* + 1617 = llel)
(llalllbl) + Uali® + 12012 = llcll*)
4lall?||b]?
llel® = Clall = 1IN (Nall + 151 = liell®
4llal2|Ib]2
(lall + 151 + lelDABI + llel — llall)
(lall + el = eIl + 6l — lell)

4lall®Ib?
(25)2(s — [lalD2(s — [I16ID2(s — liclD
4all b2
16(s)(s — llal)(s — lIb1D(s — llel)
4llal?lb)

2\/(s = llal)(s — IBIDG — licl) = K.

( <= ) By eliminating the sine rule it is obtained:

K2(lall® + 151> = llcl®)

a
lal*1b11% lel*(sin® Z(b, ) + sin® Z( —a,c)

— sin? Z(agh))

laI*1511% |ell*(sin® £(b, ¢) + sin* Z(— a,¢)

— sin? (£Ligp) + £(—a,c0))

lal*1511% |ell*(sin® £(b, ¢) + sin* Z(— a,¢)

—(sin Z(b,c)cos Z( — a,c)
+cos é(b,n sin Z( — a, c))z}

la 16N cll*(sin? £(b, ¢) + sin? Z( — a,c)

—sin? Z(b,¢)cos®> Z( — a,c)
— cos? Z(b,c) sin® Z(—a,c)
—2sin Z(b,c)cos Z( — a,c).cos Z(b,c)sin Z( — a,c)
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= llal?Ibl2llcli(sin? Z(b, ¢)(1 — cos Z( — a, ¢)) + sin? Z(b, c)(1 — cos® Z(b, c))
—2sin é(bn) cos Z( —a,c).cos Z(b,c)sin Z( — a,c))

= JlalP1blPlel*(sin® £(b, ¢)(sin® Z( — a, ¢)) + sin® Z(b, ¢)(sin® Z(b, c))
—2sin Z(b,c¢)cos £( —a,c).cos Z(b,c)sin Z( — a,c))

-
= 2||a||2||b||2|\?||2( sin® Z(b, o)(sin® /(- a,¢))
—sin Z(b,¢) cos Z( — a,c).cos Z(b, c)sin Z( — a,c))
= 2||a||2||b||2|\c||2( sin Z(b, ¢)sin Z( — a, c)( sin Z(b, c) sin £( — a, c)
—cos Z( —a,c).cos £( — a,c)))
2lla 11611 llell? sin £(b, ¢) sin Z( — a,¢) cos Z(a, b)
2||a|| K ||b||K cos L(a, b)

so, the following cosine rules are obtained:
lell® = Nall® + 1511 = 2llallIb]| cos Z(a, b). (8)
m

Theorem 2.3. Let (V, | - ||) be, is a normed space, In the triangle Ala, b, c] that, cosine
rules < side triangle rules.

Proof. (=)

lall> + 16117 = llcll
lall cos Z(a, b) = |all ©)
2lall 5]

1601% + llcll* — lla|?

llcll cos £(b, ¢) = |cll
201610 lell

(10)

by eliminating the equation (9) and (10), then obtained the rules of the triangle side:
lall cos Z(a, b) + ||c|l cos £(b, c) = [|b]l. (1)

( <= ) From the equation (11) obtained by triangle side rules:

lal?> = llalllbll cos Z(a,b) + |lallllc|| cos Z( — a,c) (12)
161> = llallllbll cos Z(a, b) + [|blllic]l cos Z(b, c) (13)
lcl> = lblllcl cos Z(b, ) + llalllicll cos Z( — a,¢) (14)

by eliminating the equation (12), (13) and (14) obtained by cosine rules:

lall® + 1bI1> = 2llalllb]l cos Z(a, b) = ||c||>. (15)
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and this puts an end to the proof. a |
5

Theorem 2.4. Let (V, | - ||) be,is a normed space. In the triangle Ala, b, c], then Z(a, b)

+ Z(b,c)+ Z(—a,c)=m.

Proof. To prove the theorem, it will first show that:

cos Z(a,b)cos Z(b,¢) — sin Z(a,b)sin Z(b,c) +cos £(—a,c) =0 (16)
By using the rules of cosine (6) and sine rules (7), then equation (16) proved as follows:

cos Z(a,b)cos Z(b, ¢) — sin Z(a, b)sin Z(b,c) + cos Z( — a, c)

lall* + 1512 = liel*> 161> + llcl® = llall®

2lall - el 2160 - liell
lall® + llell? — lIb]? Kk K
2lall - llell lall - I&1 Bl - el
_lal? =+ liel? = 1e1HAB I + el — llal?)
a 4lall - 15112 - licll
lall® + llcll? — lIb]> B K?
2lall - llell lall - 16112 - lell
_ (= lall* + 1611 — llell*) " lall® + lcll* — 1b]1? B K?
4lall - 15117 - lell 2|jall - llcll lall - 1&112 - llell
= N lall* + 1801* = llell* + 2llal? - 1517 + 21Ib]|% - llc]?) — 4K?
4lall - 1617 - lell
_ 4K?—4K?
— Allall - 1512 - el

= 0.
then

cos Z(a,b)cos Z(b, ¢) — sin Z(a,b)sin Z(b,¢) + cos Z( —a,c) =0
cos Z(a,b)cos (b, ¢) — sin Z(a,b) sin Z(b,¢) = —cos Z( —a,c)
cos(L(a,b)+ Z(b,¢)) = —cos Z(—a,c)

cos(Lla,b) + Z(b,c)) =cos(mr — Z(— a,c))

Lla,b)+ Z(b,c)=m — Z(—a,c)

la,b)+ Zb,e)+ (—a,c)=m

te ¢

and this puts an end to the proof. |
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Example 2.5, Let (L3([0, 11), |I-]l) be is anormed space, and Let A[a, b, ¢] be, {a, b,c} €
L3([0,1]) and satisfy a + ¢ = b witha(r) := >, b(t) := 1> and c(t) := 1> — 1>, further

obtained:
I 3
0

- ()
bl = ([ |r|dr)

|
/-_-"\
0\
o
~
\"--—--/

5
( |r2—x3|3dr)
( f (1% =3¢ 33" g)dr)
0, 106

llell

So, obtained:

2 bl — llcll
Lia,b) = arccos(”al + 121 e ):10,29

2Hlallll]l
2 2 /]
= — |1
L(—a,c) = arccos(”al + el [l ): 118,27
2jallllll
bI2 3 2
Zibc) = arccos(” 17+ llel lall ):51,44
200 el

then obtained Z(a, b) + Z(a,b) + Z(a,b) = .

Theorem 2.6. Let (V, | - ||) be.is a normed space. In the triangle Ala, b, ¢] with ||la| =
llcll & Z(a,b) = Z(b, ).

Proof. ( = ) from triangle side rules:

lall
llell

161l cos Z(a, b) + |||l cos £( — a, )
Ib)| cos £(b, c) + |la|| cos Z( — a, )
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lla]l = ||&]l, so obtained cos Z(a, b) = cos Z(b, c) and because Z(a, b), Z(b,c) € [0, 7]
then Z(a,b) = £(b,c)

( < ) Because Z(a,b) = Z(b,c) then from sine rules obtained ||a|| sin Z(a,b) =
||l sin £Z(b, ¢) so obtained |la]| = ||c]. [ |

Corollary 2.7. Let (V.| - ||) be, normed space. In the triangle Ala, b, ¢] with ||a||
16l = llcll & ZLla,b) = Z(b.c) = Z( —a.c).
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